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Abstract
The symmetric vector quasi-equilibrium problem is introduced. Under suitable assumptions, the
symmetric vector quasi-equilibrium problem is solvable. As its applications, a coincidence point
theorem and the existence of vector optimization problem for a pair of vector-valued mappings are
reduced.
 2003 Elsevier Inc. All rights reserved.
1. Introduction and preliminaries
Let X and Y be real locally convex Hausdorff spaces, and let C and D be nonempty
subsets of X and Y , respectively. Let S :C ×D→ 2C and T :C ×D→ 2D be set-valued
mappings and let f,g :C ×D→ R be real functions. According to Noor and Oettli [7],
the symmetric quasi-equilibrium problem consists in finding (x¯, y¯) ∈ C × D such that
x¯ ∈ S(x¯, y¯), y¯ ∈ T (x¯, y¯), and
f (x, y¯) f (x¯, y¯), ∀x ∈ S(x¯, y¯),
g(x¯, y) g(x¯, y¯), ∀y ∈ T (x¯, y¯).
The problem is a generalization of equilibrium problem proposed by Blum and Oettli [1].
The equilibrium problem contains as special cases, for instance, optimization problems,
problems of Nash equilibria, fixed point problems, variational inequalities, and comple-
mentarity problems (see [1]).
Motivated by [4,7], the purpose of this paper is to introduce symmetric vector quasi-
equilibrium problem (for definition, see below), and to show the existence theorem of
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for set-valued mappings and the existence of vector optimization problem for a pair of
vector-valued mappings.
Let Z be a real Hausdorff topological vector space, and P ⊂ Z a closed convex,
pointed cone with apex at the origin and with intP = ∅, where intP denotes the interior
of P . Let X,Y,C,D,S,T be as above. Let vector mappings f,g :C ×D→ Z be given.
The symmetric vector quasi-equilibrium problem (for short, SVQEP) consists in finding
(x¯, y¯) ∈ C ×D such that x¯ ∈ S(x¯, y¯), y¯ ∈ T (x¯, y¯), and
f (x, y¯)− f (x¯, y¯) /∈− intP, ∀x ∈ S(x¯, y¯),
g(x¯, y)− g(x¯, y¯) /∈ − intP, ∀y ∈ T (x¯, y¯).
In the sequel, we will use the following ordering relations: ∀z1, z2 ∈ Z,
z1  z2 ⇔ z2 − z1 ∈ P,
z1 < z2 ⇔ z2 − z1 ∈ intP,
z1 ≮ z2 ⇔ z2 − z1 /∈ intP.
Definition 1. Let B be a nonempty subset of Z. b ∈ B is called a minimal point of B if
B ∩ (b − P) = {b}; b ∈ B is called a weak minimal point of B if B ∩ (b − intP) = ∅.
minB and minw B will denote the sets of all minimal points and all weak minimal points
of B , respectively.
Remark 1. It is obvious that minB ⊆minw B; and b ∈minw B⇔∀x ∈ B , x ≮ b.
Lemma 1 [3,6]. Let B be a nonempty compact subset of Z. Then (i) minw B = ∅; (ii) B ⊂
minw B + (intP ∪ {0}).
Definition 2 [3]. Let (Z,P ) be an ordered topological vector space, and let C be a non-
empty convex subset of a vector space X. Let a vector mapping f :C→ Z be given.
(i) f is called convex if for every x, y ∈ C and t ∈ [0,1], one has f (tx + (1 − t)y) 
tf (x)+ (1− t)f (y).
(ii) f is called properly quasi-convex if for every x, y ∈ C and t ∈ [0,1], one has either
f (tx + (1− t)y) f (x) or f (tx + (1− t)y) f (y).
Remark 2. A vector mapping may be convex and not properly quasi-convex, and con-
versely (see [3]). It is easily seen that properly quasi-convexity and quasi-convexity are
equivalent to each other in the scalar case, i.e., Z =R and P = [0,+∞).
Definition 3. Let X and Y be two topological spaces, T :X→ 2Y a set-valued mapping.
(i) T is said to be upper semi-continuous (for short, u.s.c.) at x ∈ X if for each open
set V containing T (x), there is an open set U containing x such that for each t ∈ U ,
T (t)⊂ V ; T is said to be u.s.c. on X if it is u.s.c. at all x ∈X.
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V with T (x) ∩ V = ∅, there is an open set U containing x such that for each t ∈ U ,
T (t)∩ V = ∅; T is said to be l.s.c. on X if it is l.s.c. at all x ∈X.
(iii) T is said to be continuous on X if it is at the same time u.s.c. and l.s.c. on X.
(iv) T is said to be closed if the graph Gr(T ) of T , i.e., Gr = {(x, y): x ∈X, y ∈ T (x)},
is a closed set in X× Y .
Lemma 2 [8].
(i) T is closed if and only if for any net {xα}, xα → x , and any net {yα}, yα ∈ T (xα),
yα → y, one has y ∈ T (x).
(ii) If T is closed and T (X) is compact, then T is u.s.c., where T (X)=⋃x∈X T (x) and
E¯ is the closed hull of a set E.
(iii) If T is u.s.c. and for each x ∈X, T (x) is closed set, then T is closed.
(iv) If X is compact and T is u.s.c., and for any x ∈ X, T (x) is compact, then T (X) is
compact.
(v) If for any x ∈ X, T (x) is compact, then T is u.s.c. on X if and only if for any net
{xα} ⊂X such that xα → x ∈X and for every yα ∈ T (xα), there exist y ∈ T (x) and a
subnet {yβ} of {yα}, such that yβ → y.
(vi) T is l.s.c. at x ∈X if and only if for any y ∈ T (x), and any net {xα}, xα → x, there is
a net {yα} such that yα ∈ T (xα) and yα → y .
The following well-known fixed point theorem is our main tool.
Theorem (Kakutani–Fan–Glicksberg [2,5]). Let X be a locally convex Hausdorff space,
C ⊂X a nonempty, convex compact subset. Let T :C→ 2C be u.s.c. with nonempty, closed
convex set T (x), ∀x ∈ C. Then T has a fixed point in C.
2. Main results
Throughout this section, let X,Y be real locally convex Hausdorff spaces, C ⊂X and
D ⊂ Y be nonempty, convex compact subsets. Let Z be a real Hausdorff topological vector
space, P ⊂Z a closed, convex pointed cone with apex at the origin and with intP = ∅.
Theorem. Assume that
(i) S :C ×D→ 2C and T :C ×D→ 2D are continuous; and for each (x, y) ∈ C ×D,
S(x, y), T (x, y) are nonempty, closed convex subsets;
(ii) f,g :C ×D→ Z are continuous;
(iii) For any fixed y ∈ D, f (x, y) is properly quasi-convex in x; for any fixed x ∈ C,
g(x, y) is properly quasi-convex in y .
Then SVQEP has a solution.
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A(x,y)= {u ∈ S(x, y): f (u, y) ∈minw f
(
S(x, y), y
)}
, ∀(x, y) ∈ C ×D,
B(x, y)= {v ∈ T (x, y): g(x, v) ∈minw g
(
x,T (x, y)
)}
, ∀(x, y) ∈ C ×D.
(I) ∀(x, y) ∈ C ×D, A(x,y) is a nonempty, convex closed subset of C.
Indeed, since f is continuous and S(x, y) is a nonempty, convex compact subset of C,
f (S(x, y), y) is compact. By Lemma 1, minw f (S(x, y), y) = ∅. Thus, A(x,y) = ∅. Let
u1, u2 ∈A(x,y), t ∈ (0,1), u= tu1 + (1− t)u2. We need to show that u ∈A(x,y). Since
u1, u2 ∈ S(x, y) and S(x, y) is convex, we have u ∈ S(x, y). It follows from ui ∈A(x,y)
and f (ui, y) ∈minw f (S(x, y), y), i = 1,2, that
∀z ∈ S(x, y), f (z, y)≮ f (ui, y), i = 1,2. (1)
Since f (x, y) is properly quasi-convex in x , we get
f (u, y) f (u1, y) or f (u, y) f (u2, y). (2)
Remember that P + intP ⊆ intP . By (1) and (2), f (z, y) ≮ f (u, y), ∀z ∈ S(x, y), i.e.,
f (u, y) ∈minw f (S(x, y), y). Hence, u ∈A(x,y).
Now we show that A(x,y) is closed. In fact, let a net {uα} ⊂ A(x,y), uα → u. We
need to show u ∈A(x,y). It follows from uα ∈ S(x, y) and the closedness of S(x, y) that
u ∈ S(x, y). Since f (uα, y) ∈minw f (S(x, y), y), we have
f (z, y)≮ f (uα, y), ∀z ∈ S(x, y),
that is,
f (uα, y)− f (z, y) ∈ Z \ intP. (3)
Since f is continuous and Z \ intP is closed, by (3), we get
f (u, y)− f (z, y)= lim
α
f (uα, y)− f (z, y) ∈ Z \ intP.
Therefore, f (z, y)≮ f (u, y), ∀z ∈ S(x, y), i.e., u ∈A(x,y).
(II) A is u.s.c.
Since C is a compact set and A(x,y)⊂ C, by Lemma 2(ii), we need only to show that
A is closed.
Let a net {(xα, yα)} ⊂ C × D, (xα, yα)→ (x, y), and uα ∈ A(xα, yα), uα → u. We
show that u ∈A(x,y). Since uα ∈ S(xα, yα) and S is continuous, we have u ∈ S(x, y). For
any z ∈ S(x, y), since S is l.s.c., by Lemma 2(vi), there is a net {zα}, zα ∈ S(xα, yα) such
that zα → z. Since f (uα, yα) ∈minw f (S(xα, yα), yα), we get
f (zα, yα)≮ f (uα, yα), ∀zα ∈ S(xα, yα),
that is,
f (uα, yα)− f (zα, yα) ∈ Z \ intP. (4)
Since f is continuous and Z \ intP is closed, it follows from (4) that
f (u, y)− f (z, y) ∈ Z \ intP, ∀z ∈ S(x, y).
Hence, f (u, y) ∈minw f (S(x, y), y), i.e., u ∈A(x,y).
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of D, and B is u.s.c.
(IV) Define Ψ :C ×D→ 2C×D by
Ψ (x, y)= (A(x,y),B(x, y)), ∀(x, y) ∈ C ×D.
Then, for each (x, y) ∈ C×D, Ψ (x, y) is a nonempty, convex closed subset of C×D, and
Ψ is u.s.c. By the Kakutani–Fan–Glicksberg fixed point theorem, there is a point (x¯, y¯) ∈
C ×D such that (x¯, y¯) ∈ Ψ (x¯, y¯), i.e., x¯ ∈ A(x¯, y¯), y¯ ∈ B(x¯, y¯). By the definitions of A
and B , (x¯, y¯) is a solution of SVQEP. The proof is completed. ✷
Corollary 1. Assume that
(i) Set-valued mappings S :D → 2C and T :C → 2D are continuous, and for each
y ∈D, x ∈C, S(y) and T (x) are nonempty, convex closed sets;
(ii) f,g :C ×D→ Z are continuous;
(iii) For any fixed y ∈ D, f (x, y) is properly quasi-convex in x; for any fixed x ∈ C,
g(x, y) is properly quasi-convex in y .
Then there is a point (x¯, y¯) ∈C ×D such that x¯ ∈ S(y¯), y¯ ∈ T (x¯), and
f (x, y¯)− f (x¯, y¯) /∈− intP, ∀x ∈ S(y¯),
g(x¯, y)− g(x¯, y¯) /∈ − intP, ∀y ∈ T (x¯).
Corollary 2. Assume that S :D→ 2C and T :C→ 2D are continuous, and for each y ∈D,
x ∈C, S(y) and T (x) are nonempty, convex closed sets. Then there is a point (x¯, y¯) ∈
C ×D such that x¯ ∈ S(y¯), y¯ ∈ T (x¯), i.e., (x¯, y¯) is a coincidence point of S and T .
Proof. In Corollary 1, let f (x, y)= g(x, y)= 0, ∀(x, y) ∈C ×D . Corollary 1 yields the
conclusion. ✷
Corollary 3. Let S,T be as in Corollary 1. Let φ :C→ Z and ψ :D→ Z be continuous,
properly quasi-convex. Then there is a point (x¯, y¯) ∈ C ×D such that x¯ ∈ S(y¯), y¯ ∈ T (x¯),
and
φ(x)− φ(x¯) /∈ − intP, ∀x ∈ S(y¯),
ψ(y)−ψ(y¯) /∈ − intP, ∀y ∈ T (x¯).
Proof. In Corollary 1, for each (x, y) ∈C×D, let f (x, y)= φ(x), g(x, y)=ψ(y). Corol-
lary 1 yields the result. ✷
Let φ,ψ :C → Z be given. Consider the following vector optimization problem (for
short, VOP):
minw
(
φ(x),ψ(x)
)
.
x¯ ∈ C is called a weak efficient solution of VOP for (φ,ψ) if φ(x¯) ∈ minw φ(C) and
ψ(x¯) ∈minw ψ(C).
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(φ,ψ) is solvable.
Proof. In Corollary 3, let Y =X, D = C, and for any x ∈ C, let S(x)= T (x)= C. Then,
Corollary 3 yields the conclusion. ✷
Open question. Is true the conclusion in Theorem if conditions (i) and (iii) are replaced
by the following:
(i′) S,T are u.s.c., and ∀(x, y) ∈ C ×D, S(x, y), T (x, y) are nonempty, convex closed
subsets;
(iii′) For any fixed y ∈D, f (x, y) is convex in x; for any x ∈ C, g(x, y) is convex in y?
Acknowledgment
The author wishes to express his gratitude to the referee for his careful reading and valuable comments.
References
[1] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Student 63
(1994) 123–145.
[2] K. Fan, A minimax inequality and applications, in: O. Shisha (Ed.), Inequalities III, Academic Press, New
York, 1972, pp. 103–113.
[3] F. Ferro, A minimax theorem for vector-valued functions, J. Optim. Theory Appl. 60 (1989) 19–31.
[4] J.Y. Fu, A vector variational-like inequality for compact acyclic multifunctions and its applications, in: F. Gi-
annessi (Ed.), Vector Variational Inequalities and Vector Equilibria, Kluwer Academic, Dordrecht, 2000,
pp. 141–151.
[5] I. Glicksberg, A further generalization of the Kakutani fixed point theorem with application to Nash equilib-
rium points, Proc. Amer. Math. Soc. 3 (1952) 170–174.
[6] J. Jahn, Mathematical Vector Optimization in Partially Ordered Linear Spaces, Peter Lang, Frankfurt, 1986.
[7] M.A. Noor, W. Oettli, On general nonlinear complementarity problems and quasi-equilibria, Le Matem-
atiche XLIX (1994) 313–331.
[8] N.X. Tan, Quasi-variational inequalities in topological linear locally convex Hausdorff spaces, Math.
Nachr. 122 (1985) 231–245.
